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ABSTRACT
THIS WORK DEALS WITH THE ANALYSIS
OF SINGLE-SPAN, RIGHT, MULTIBEAM BRIDGES
HAVING BEAM ELEMENTS OF SOLID OR HOLLOW
SECTION. THE ANALYSIS TREATS THE BEAMS
AS INDIVIDUAL ELEMENTS, CONNECTED TO
ONE ANOTHER BY FRICTIONLESS HINGES
WHICH SIMULATE THE SHEAR KEY AND TRANS-
VERSE RODS CONNECTING THE BEAMS.
THE LONGITUDINAL, VERTICAL, AND
TRANSVERSE JOINT FORCES AT EACH HINGE
ARE TAKEN AS THE UNKNOWN FUNCTIONS.
THE COMPATIBILITY CONDITIONS FOR THE
DISPLACEMENTS AT EACH HINGE PROVIDE
BASIC EQUATIONS FOR FINDING THE JOINT
FORCES. SINCE THE BEAMS ARE ELASTIC
AND SIMPLY SUPPORTED AT THEIR ENDS,
FOURIER SERIES EXPANSIONS OF ALL THE
FORCES AND DISPLACEMENTS ARE USED TO
REDUCE THE PROBLEM TO THE SOLUTION OF
SETS OF SIMULTANEOUS LINEAR ALGEBRAIC
EQUATIONS.
THE FOURIER SERIES FOR THE JOINT
FORCES EITHER DO NOT CONVERGE OR ELSE
CONVERGE TOO SLOWLY FOR PRACTICAL USE,
ALTHOUGH THE MOMENTS MAY BE OBTAINED
ACCURATELY ENOUGH BY STRAIGHTFORWARD
COMPUTATION. A METHOD OF ACCELERATING
THE CONVERGENCE OF THE FOURIER SERIES
FOR THE JOINT FORCES IS PRESENTED,
BASED ON A STUDY OF THE ASYMPTOTIC
BEHAVIOR OF THE COEFFICIENTS OF THE
FOURIER SERIES. THIS METHOD IS COMPU-
TATIONALLY PRACTICAL AND LEADS TO THE
EXPLICIT DETERMINATION OF THE MOST
IMPORTANT CHARACTERISTICS OF THE JOINT
FORCES.
RESULTS FOR THE JOINT FORCE DISTRI-
BUTIONS AND THE SHEARS AND MOMENTS IN
THE BEAMS ARE PRESENTED IN TABLES FOR
SELECTED, PRACTICAL MULTIBEAM BRIDGES
COMPOSED OF FOUR AND EIGHT BEAMS.
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I. INTRODUCTION
A. MULTIBEAM BRIDGE LOADING
Recent developments in the precast con-
crete industry have led to several new types
of structures, among which is the multibeam
bridge used in highway construction. The type
of multibeam bridge construction considered
here is shown in Figure 1. Precast beams are
placed on the piers side by side, each con-
nected to the adjoining ones through continuous
longitudinal shear keys. These beams are of
either reinforced or prestressed concrete. In
some types of sections transverse bolting is
used to hold the beams together. Usually the
bolts are located near the ends of span; how-
ever, in long spans bolts are also provided at
midspan or quarter points. In multibeam
bridges with prestressed concrete elements, a
nominal amount of transverse prestress is used
to tie the elements to one another.
When a load is placed on one of the beams,
the loaded beam tends to deflect and, owing to
presence of the shear key, the adjoining beams
deflect with it. This action is transmitted to
other beams in a similar way, and it can be
seen that the cross section of the entire
structure deforms as shown in Figure 2. Thus,
the applied load is distributed to all the beams
in varying amounts.
Since the loading on the bridge consists
of wheel loads, several of which may be placed
on a transverse section of the bridge simul-
taneously, the total load on any beam will be
the sum of the loads coming to it from all
loads acting individually. To produce the
maximum effect, the wheels should occupy
certain definite positions. These positions
may be determined from the influence line for
the moment in each beam.
From the equilibrium of small elements of
any beam, it can be shown that each beam is
subjected to a longitudinal moment, a trans-
verse moment, a torsional couple, and a longi-
tudinal thrust as well as vertical and trans-
verse horizontal shears. These quantities
vary along the length of the beams, and their
variation in the several beams follow different
patterns.
At each longitudinal joint between the
beams, there are forces in three directions,
vertical, longitudinal horizontal, and trans-
verse horizontal, which tend to keep the beams
together.
B. OBJECT AND SCOPE
This study develops a method for analyz-
ing multibeam bridges that have beam elements
of solid or hollow section, as shown in Figure
3. Specifically the objectives of the study
were:
1. To devise a method for determining
distribution of forces in joints due to a
concentrated load anywhere on the bridge.
2. To study distribution of these joint
forces.
3. To determine from joint forces the
vertical shears and longitudinal moments on
individual beams in the bridge due to concen-
trated wheel loads.
4. To determine the order of magnitude
of theoretically computed joint forces for a
real structure.
The method developed is applicable to the
analysis of bridges with elements of slab or
box cross section which are usually of pre-
stressed concrete.
It is assumed that all beam elements have
the same properties, are prismatic, and are
simply supported at the ends. Skew bridges
are not considered. The bridges studied have
a total of four or eight beams which are 3 or
4 feet wide.
It has been assumed that the connection
provided by the shear key and the transverse
bolts is equivalent to a frictionless hinge.
That is, there is no relative movement verti-
cally or horizontally, only rotation between
the beams. The location of this hinge is taken
at the center of the shear key. Therefore,
the effect of any transverse flexural stiffness
at the connections due to the tension in the
transverse bolts has been neglected.
C. NOTATION
The letter symbols, defined when introduced
in the text, are listed below for convenient
reference.
A = gross cross-sectional area of
beam element, in.2
(A..) = matrix coefficient for the row
1j m
i and column j for Fourier
term m
a = Ab2/I
a'. = first term in expansion of (A..) mij ij m
IJ
(B2)
a
b = over-all width of a beam element,
in.
= first term in expansion of (Bi)
= second term in expansion of (Bi)m
= third term in expansion of (Bi)m
c = distance from the support to the
point of action of concentrated
load, in.
d = diameter of typical hole or holes
(dl, d2 , etc.) in beam cross
section, in.
E = Young's modulus of elasticity, psi
h = over-all depth of beam cross-
section, in.
i = ratio, I /Iz
I = moment of inertia of beam cross-
y
section about the centroidal axis
parallel to the y-axis, in.4
I = moment of inertia of beam cross-
z
section about the centroidal axis
parallel to the z-axis, in.4
= torsion constant of beam cross
sectionin.4
section, in.
= a letter designating a typical
beam element and the joint
immediately to the right of the
element, used as a subscript
= ratio, El /GJ
= St. Venant's torsional stiffness
coefficient for rectangular
cross sections
= length of simply supported
span, in.
= an i nte
ger 
desig
a
m
M
= second term in expansion of
(A.ij.)ii m
= third term in expansion of (A..)m
= constant term in matrix equation
for Fourier term m
Fourier term
13,m2,m 3 = particular Fourier terms
1. = bending moment on element j
about the centroidal axis
parallel to the y-axis, in-lb
= bending moment about the z-axis
on element j, in-lb
P. = concentrated load acting on
J
beam j parallel to the
z-axis, lb
(p.) = distributed load acting on beam
j parallel to the z-axis at a
distance x from the origin for
Fourier term m, lb per in.
(p )m = amplitude of the sine wave of
(P )m' lb per in.
q. = internal indeterminate distri-
buted force at joint j acting
parallel to the x-axis, lb per in.
(q.) = amplitude of the cosine waveJ m
(qj)m, lb per in.
()m = ratio, (q )m/(p)m
qj1  = that part of q. obtained from
asymptotic terms, lb per in.
qj 2  = that part of q. obtained from
more rapidly converging series,
lb per in.
Qx = axial force acting at the
centroid of beam element, lb
per in.
r. = internal indeterminate distri-
J
buted force at joint j acting
parallel to the y-axis, lb per in.
(r.) = force r. for Fourier term m,
lb per in.
(r )m = amplitude of the sine wave for
(r )m, lb per in.
(• )m = ratio, (r )m /()m
r. = that part of r. obtained from
asymptotic terms, lb per in.
r.2 = that part of r. obtained from
more rapidly converging series,
lb per in.
s. = internal indeterminate dis-
J
tributed force at joint j act-
ing parallel to the z-axis,
lb per in.
(s.) = force s. for Fourier term m,
b per in.
lb per in.
j m
s j
s j2
T .
xj
t I
t2
u.
J
u.
J
( j)
m
V.
J
V .
zj
w.
J
X.
J
(Xj)m
(j)m
x
= amplitude of the sine wave of
(s )m, lb per in.
= ratio, (si)m/( m.)
= that part of s. obtained from
J
asymptotic terms, lb per in.
= that part of s. obtained from
J
more rapidly converging series,
lb per in.
= twisting couple about the x-axis
on the element j, in-lb
= thickness of vertical parts of
box sections, in.
= thickness of horizontal parts of
box sections, in.
= displacement of center of gravity
of beam j along the x-axis, in.
= displacement of centroid of beam
j along the x-axis, in.
= displacement u. for the Fourier
term m, in.
= displacement of center of gravity
of beam j along the y-axis, in.
= displacement v. for the Fourier
term m, in.
= shear force in beam j along
the y-axis, lb.
= shear force in beam j along
the z-axis, lb.
= displacement of center of
gravity of beam j along the
z-axis, in.
= displacement w. for the Fourier
term m, in.
= term corresponding to r. and
S.
J
= variable corresponding to (r )m
and (s )m
= term corresponding to (r) m
and ( .)m
= distance of any section along
the longitudinal axis through
the center of gravity of beam
element from the origin, in.
(4)
J
e
(0)
J
xj
T
(20)
J
J
= third asymptotic term in
expansion of (s-)m
= ratio, e/b
= first asymptotic term in
expansion of (-r.)J m
= second asymptotic term in
expansion of (ý )m
= third asymptotic term in
expansion of (r)m
= average normal stress on cross
section of beam j, psi
= shearing stress, psi
= angle of twist of beam j,
radians
= angle of twist cp. for the
Fourier term m, radians
= first term in expansion of
j m
= second term in expansion of
(X'j.)
x(2)
y
z
a )
(3)J
(5)
J
(0)
(2)
.
J'
= third term in expansion of
(j m
= distance of any point in the
cross section of a beam element
from the xz-plane, in.
= distance along the z-axis from
the centroids of beam elements
to the joints between them, in.
= first asymptotic term in
expansion of (q.)m
= second asymptotic term in
expansion of (q.)
J m
= third asymptotic term in
expansion of (q.)
J m
= ratio, b/L
= first asymptotic term in
expansion of (s )
= second asymptotic term in
expansion of (s.)
J m
II. METHOD OF ANALYSIS
A. HISTORICAL REVIEW
Different approaches have been used by
various investigators for the study of load
distribution in floor beams and stringers of
highway bridges.
For analyzing grid-type decks, Pippard
and de Waele developed a method in which
they distributed the total stiffness of trans-
verse beams uniformly over the length of the
bridge and obtained their solution in the form
of fourth order simultaneous ordinary differ-
(4)ential equations. Hetenyi used the same
approach but expressed the concentrated loads
in terms of Fourier series which resulted in
algebraic simultaneous equations for each term
of the series, instead of differential equa-
tions. The most significant development came
with Newmark's distribution procedure(5 ) in
which moments and shears were found by distri-
bution for each term of the Fourier expansion
of the loads. The procedure made it possible
to take into account the torsional stiffness
and deflections of the beams. Using this
procedure, Newmark and Siess 6 ) solved the
problems of I-beam bridges which led to the
S/5.5 rule(?) for distributing the concentrated
loads on such bridges.
Another approach to the study of distri-
bution of load on highway bridges is the
(8)
orthotropic plate theory used by Guyon ,
Massonnet (9 ) , Morice (  , and others. This
approach is the one most commonly applied to
the analysis of multibeam bridges. The
principal problem is to determine the trans-
verse flexural and torsional stiffnesses,
which are greatly influenced by the magnitude
of transverse prestress. The results of
Walther(11) indicate that the maximum pro-
portion of the load that goes to any element
is largely influenced by the ratio of trans-
verse prestressing force to the load on the
bridge. According to his results, an increase
in this ratio decreases the moment that goes
to the most heavily loaded element. The
assumption of a hinge with zero flexural
stiffness for the connection between the beam
elements therefore appears to be conservative.
Banerjee and Basole(12) developed a method for
the analysis of multibeam bridges but considered
only the vertical joint forces.(12)
The approach of Duberg, Khachaturian,and
Fradinger 13 ) considers the joint forces in
three principal directions and is more rigor-
ous, as it considers the torsional stiffness
of the sections. Their method forms the basis
of this investigation.
B. BASIC ASSUMPTIONS
The method of analysis is based on the
following assumptions:
1. The beam elements are made of
homogeneous, isotropic material obeying Hooke's
law.
2. The deformations due to shear are
small and negligible.
3. The cross section of individual beam
elements does not deform in its own plane.
4. The beam elements have solid or box
sections such that warping is negligible.
5. All beam elements are alike in their
geometrical and mechanical properties and are
prismatic.
6. The beam elements are simply supported
at the ends but are restrained against rotation.
7. The connection between the beam ele-
ments acts like a hinge along the mid-depth of
the shear key such that no relative movement
except rotation is possible at the joints
between the elements.
8. The applied loads act vertically
downward and are concentrated. However, loads
distributed over small or large areas may
easily be handled by modifying the terms of the
Fourier series for the loading.
C. COORDINATE AXES AND SIGN CONVENTION
Figure 4 shows a sketch of a multibeam
bridge deck consisting of box-section elements.
The figure shows the manner of referring to the
elements, joints, loads, and distances.
Figure 5 shows a beam-element. The ref-
erence axes, which form a left-handed coordi-
nate system, pass through the center of gravity
of the section; the x-axis is along the length
of the beam element, the y-axis is the trans-
verse horizontal axis, and the z-axis is ver-
tical.
Displacements u, v, and w are the
movements of the center of gravity of the un-
deformed section in the directions of x, y,
and z axes, respectively. Displacements are
positive when they take place in the positive
direction of their corresponding axes.
The moments M . and M . and the
yj zj
torque T . are shown in Figure 5 as vectors
according to the left-hand screw rule. The
angle of twist cp is positive in the direction
of positive torque. Moment M . and torque
zj
T . act about the z and x axes defined
xj
above. The moment M . acts about the the
YJ
y-axis.
The beam shear forces V and V are
y z
positive when they act along the positive
directions of their respective axes on a
front face. The axial force Q.x acts through
the center of gravity and is positive in the
positive direction of the x-axis on a front
face.
The joint forces per unit length, q,
r, and s, are positive when they act in the
positive directions of the x, y, and z
axes, respectively, on the positive side of an
element.
D. EXTERNAL LOADS
Figure 4 shows concentrated loads acting
on beams j and j + 1 at a distance c
from the support, taken as the origin. These
concentrated loads are expressed in terms of
Fourier series and the solution is obtained
for each term of the series separately. A
concentrated load acting on a simply supported
beam of span L at a distance c from the
support can be represented by the Fourier
series
pj(x) = - sin -M sin -mi L L L
The Fourier series (Equation 1) may be used to
represent a concentrated load, in spite of the
(14)
fact that it is not convergent. The
expression for the general term of the series is
2P . mTrc . mirx(pj)m = L- sin- sin -L
Now if
p 2P . mrc(p)m = - sinTjm L sinL
(p.) = (p.) sin M
or dM 
.
Yll = V - (q. -q.)zdx zj j j-l
It may be seen that (p) depends on the load
P and its position as given by c. It also
represents the maximum intensity of the load
for each term. A solution obtained for (p)
m
= 1 may be conveniently used for any magnitude
of the load P.
E. EQUATIONS OF EQUILIBRIUM
Consider the equilibrium of an infini-
tesimal length dx of element j contained
between joints j-1 and j laterally and
between distances x and x + dx longitudi-
nally. Figure 5 shows the element with its
dimensions and all forces which act on it
including the external load p (x) per unit
length. The displacements u, v, and w
are the movements of the center of gravity of
the undeformed section in the direction of the
x, y, and z axes, respectively, taken positive
when in the positive direction of their corre-
sponding axes.
1. Bending About y-axis
Summing the forces along the z-axis,
- V . + (V . + dV .)
+ (s )dx + dx = 0
+ (s. - s. )dx + p dx = 0
Eliminating V . between Equations 5 and 6,
d2M .
Y-dx = - p - (s- s._ )
x 2-1
AJ
- -1 (q, - q. ,)z
UY J J±-
Since
d2d w.
M . = - El -I
YJ Y dx2
we find
d4d 4w.
El - =
y dx4
p. + (s. - s j 1)
+x (qx - j- 1)z
2. Bending About z-axis
Summing the forces along the y-axis and
the moments about z-axis,
dV .
d = - (rj - rjdx j j-1
dM .
-d = - V + (qj + qj.) -dx yj j -l
Eliminating V . between Equations 10 and 11,
we have
d2M .
2-x = (rj - rj_)
dx -
dV .
S= 
- (s - s.) -pdx j j- 1
Summing the moments about the y-axis,
- M . + (M yj + dM .)
- Vj dx + (j YJ YJ
- Vz. dx + (q. - qj.)z dx = 0
+ ---- (q + qj_ 1)bdx (q qj-I
from d2
M . = El 1
zj z dx2
- dx
we arrive at
4d. v
Elz - = (r j-) + (q+j-l) (14)
then
3. Axial Deformation
Summing the forces along the x-axis,
- Qxj + (Qxj + d Qxj )
+ (qj - qj_ 1 ) dx = 0
or dQ j -
dx (q - q )
Now Q xj = Axj . where ax . is the average
fiber stress on the section. Since
du.
xj dx
where u. is the axial displacement of the
J
center of gravity,
d2u.
EA • = - (q - q)
4. Twist About the x-axis
Summing the couples about the x-axis we
have
- T . + (T . + dT .) - (r. - r. ,) zdx
x xj dx + pj j-1dx = 0
+ (s. + s._ dx + p. e. dx = 0
5. Integration of Loading Equations
The boundary conditions at the simply
supported ends are taken as follows:
The deflections w. and v., the angle
of twist p., the moments M . and M .,
J YJ zj
and the axial force Q.x are zero.
Equations 9, 14, 17, and 20 are applicable
to any loading. They must be solved simul-
taneously, satisfying all boundary conditions
stated. By expressing the concentrated load
in terms of Fourier series and taking one term
at a time, it is found that the unknown joint
forces qj, r., and s. in joint j can
be expressed as sine and cosine functions, and
that the four equations can be integrated
separately. Therefore, if the m term of the
Fourier series for the load is
(p )m =  m sin M7X
the joint forces q., r., and s. take the
formJ J
form:
j)m = m c o s MI
(r.) = (r.) sin -M-Xj m j m L
(s.) = (s.) sin mx-jm m L
(21a)
(21b)
(21c)
dT .
-- = - pJ ej + (r. - r. ) z
dx j j j - 1
- (s + sj-l) b
Since
dcp.
T . = GJ -
xj dx
therefore
d cp.
GJ -  i = - p e. +(r - r. z
dx2  j j_- z
- (s. + sj.) b
Substituting the above equations in Equations
9, 14, 17, and 20, and integrating the result-
ing equations, we obtain the following:
_ 4 r
jm m4n4 E LI j - 1
y
- qj -)z + p. sin mxj-1 j]m L
4
(vj) m  - L (rj - r ) (.qj
S m T4 El I - 1 -
m\b . mx
+ q jl) - i s nqj-1 2 L
(22a)
(22b)
(20)
L4
jm m2 2GJL2 [(j + sj-1l) m
2 l- pj m2Tx 1
(r. - r. )z + p.e. sin (22d)
S J-1 E L  J  L
Similar equations for the (j + 1)th
element can be obtained from Equations 22a,
22b, 22c, and 22d by replacing j by j + 1
and j - 1 by j.
(wj+l)m m4 4El j+ -
y
- m •(q - )z + p sin x (23a)
L j+l q j+1 m L
L4 rj+I  -(vj+l)m = m4 4El 
- j
z
mTT - + ) - sin mx (23b)
L q j+l 2 sin L
(uj) = [Lj+l - - j]mcos(uj+ m m272EA _+ - LTm T (23c)
L4 s - b(Pj+l) m 22 2L2 sj+l + s ) -
m T GJL
- (rj - r)z + pj+ ej+l sin (23d)
F. CONDITIONS OF CONTINUITY
For continuity of deformations in the
bridge, the displacements of the element to the
left at any joint must be equal to the dis-
placements of the element to its right at that
joint. The following conditions must be satis-
3 3
L z [ + + 2Lz z -i
E (IT L[j-l +j+ljm mrE+ I- DjJm
y y
fied at the j joint:
(a) Vertical deflection at the right
joint of element j = vertical
deflection at the left joint of
element j + 1.
(b) Transverse horizontal deflection
at the right joint of element j
= transverse horizontal deflection
at the left joint of element j + 1.
(c) Longitudinal horizontal displacement
at the right joint of element j
= longitudinal horizontal displace-
ment at the left joint of element
j + 1.
Figure 6 shows the displacements of the
center of gravity of two adjoining elements
j and j + 1. The displacements at joint j
may easily be found by geometry. Substituting
these displacements into the above conditions,
we obtain the following equations:
wj +• j+1 - '0j+I
v. - zyp = v.+ 1 - zC.j+ 1
dw. dv.
uj - z -  - = uj dx 2 dx j+l
dw+ b v
-z 1dx _ dxdx 2 dx
(24a)
(24b)
(24c)
G. SIMULTANEOUS EQUATIONS AT A JOINT
Substituting for w., v., u., and cp
from Equations 22a through 22d and wj+l,
vj+l, uj+ 1 , and 9j+l from Equations 23a
through 23d into Equations 24a, 24b, and 24c,
we obtain the following three simultaneous
equations:
L 2zb/2 [- -r] L F 4
GJ [r,-l - rj+ljm + _2 2 I
y
L2b/4 I - + sjl] Lm 4 L2 /4 [2 m L4 - j+]m2- j [ + Sj m 2. + JE L jJ2 - m2i - jMrmEI
y y
S r_
+ , I p.e. + p, ,e.+1 1
i i i i m
L 3 -b/2 - +1 +  - J L 2 j - 2r + 7+ /2
z
[j-1 - sj+1 m = - 2 j [e - Pj+lej+l]m
2 ! 2 
- 2j+ 1 2  b2/ m
y z A y z
+ L3 b/2 -
+  L3z
m
2 T r2 El [ 1 -- j+m m2 T2 EI
z y
SL3 z
m2 2E - j+1jm
y
Equations 25, 26, and 27 may be looked upon as
recurrence relations which must be written for
each joint, thus leading to three times as
many equations as there are joints. Since each
joint introduces three indeterminate force
components q, r, and s, there are as many
unknowns as equations.
Most of the section properties that appear
in the above equations can be readily calcu-
lated for a given section. However, the tor-
sional rigidity factor J is often difficult
to determine for non-circular sections. Ap-
proximate expressions for J are given in
Appendix A.
H. STRESSES IN BEAM ELEMENTS
The stress resultantsproduced in a beam
element includes moments M and Mz, torque
T , thrust Q , and shears V and V as
x x y z
indicated in Figure 5. The expressions for
these forces may be obtained in terms of the
indeterminate forces q, r, and s. Differ-
entiating Equation 22a twice with respect to
x and substituting in Equation 8 we have:
j-l + sj+m - m2 2 E L j2
y
2(. L - - mT - q
(Myj) m m2 - ( s j sj-1 j j-)z
Since from Equation 6
dM .
V = Yl + (q qj.,)z
Vzj dx j-1 )
it can be seen that
(V .) (s.-s. )+ pj cos mTX (29)
zj m m-Ti j-l1 m L
Similarly, using Equation 22b with Equation 13,
we have
L2
(Mzj)m m 2 TTr2  jl )
m- (q + qj- bm sin mT
L j j-l 2jm L
and since from Equation 11,
dM .
V . = - dM- + (qj + qJ.
yj dx _ q- 1 ) 2
we obtain
+ -j'm sn mnx
+ p. sin L-p j]. L
(V .) =- .-. cos
yj m mn j j- 1m L
Again using Equation 2 2 c with Equation 16,
(Q .) m= - L_- -q sin mT
xj m mn Nj j-11m L
Similarly, from Equation 22d and Equation
19, we obtain the following:
(T .) = L~. + s.) -( - r )
S- I mTTx
+ pie im cos --j j-J  L
After solving the simultaneous equations
and obtaining the indeterminate joint forces
q, r, and s, all the forces in any beam
element may be calculated by using Equations
28 through 30. The bending and shear stresses
at any point in a beam element may be found by
using the usual methods of elementary theory
of bending.
I. SIMULTANEOUS EQUATIONS AT A JOINT IN
TERMS OF DIMENSIONLESS PARAMETERS
The following dimensionless parameters are
introduced:
El
k =- GJ
I
y
z
(34a)
(34b)
Ab
2
a - (I
z
b (
e- (b
In terms of the above parameters, to-
gether with z/b, the three simultaneous
equations derived for joint j may be written
as follows:
Sz/b +- ] 2z/b [qj
mnk- j-1 j+1 mnik j m
2 j-1 j+ m
+ -2 [if' 2 j+1 Mm
r + f - -m 22
Lm2 2kk 4 [ m 2T2k
* pj- pj+l]m e+ + p Cjj ]m (35)
2 T [qj- 1 - j+l]m +  + (z/b)2
- r- 
- 2r + r ]m
2 ;j-1 - sJ+lJm
ý(z/b) [pre. - p j+l ej+lM
+ (-I) -+ IjIq
2 (b2 , -+  2 L +  (-) +
+ r 7- [- -
2m2T2kB j-1 j + 1m
+ (z/b) - -s ] - 2(z/b) [-j]m
m2 T2 k j-l + 1Jm m2 2 k m
34c)
34d)
z/b - -
mn k TTj+lm
The above three simultaneous equations
34e) have been used to generate a complete set of
equations for all the joints in the bridge.
These equations give the joint forces q, r,
and s in all the joints for each m.
III. DETERMINATION OF JOINT FORCES
A. EXPRESSIONS FOR JOINT FORCES
A solution of Equations 35, 36 and 37
yields values for q, r, and s in terms of
p for particular integral values of m. In
the procedure followed, solutions for q, r,
and s are obtained for (p) = 1. Therefore,
m
if we let
( r ) m = (j)m /(p)m
s )m = S)m /( m
in Equations 21a, 21b, and 2 1c we may obtain
the joint forces as follows:
L2P ( in
q (x) = ( )msin
m=1
m=1
S(x) = - (s )msin
m=1
mT'c mrTx
-L cos
mTTc . mTTx
L sin L
mTTc mTx
L sin L
(38a)
(38b)
(38c)
The quantities (q.) , (r.) , and
(s.)m  are not dependent on the longitudinal
positions of the concentrated wheel load on a
bridge. Therefore, for a given lateral po-
sition of wheel loads, only one solution of
Equations 35, 36, and 37 for each m is
necessary, regardless of the longitudinal
position of the load.
Equation 38 calls for the summation of all
terms from I to -. If the series converge
rapidly, accurate results can be obtained by
considering only the first few terms in the
series. However, the series in Equation 38
either do not converge or converge very slowly,
so that it is necessary to devise a method
whereby the convergence of these series may be
accelerated. The method presented here for
speeding convergence consists of studying the
asymptotic behavior of the Fourier coefficients.
B. DEVELOPMENT OF ASYMPTOTIC METHOD
The method which will be used to acceler-
ate the convergence of the Fourier series is
closely related to the Kummer transformation.(lS)
Its specific application to a single Fourier
series was studied extensively by A. N.
Krylov.(1 6 ) The essence of the method con-
sists of splitting the series to be summed
into two parts, a slowly convergent part which
can be summed exactly and the remaining part,
which converges more rapidly than the original
series. In the following paragraphs we shall
first discuss the general method and subse-
quently show its application to the determi-
nation of joint forces in multibeam bridges.
The set of Equations 35, 36, 37 is of the
form
n
(Ai) m(X.) =(B.) ,where i= ....... n (39)
j=1
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PARAMETER COMBINATIONS FOR BRIDGES STUDIED
El I
k = -_ i = -_
GJ I
z
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2
a 
= II
z
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11.4
9.0
6.5
9.0
b LZ p _T
-0.0278
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-0.306
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0.040
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0.040
Set No.
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TABLE 22
FORCES ACTING ON BEAMS IN FOUR-ELEMENT
FROM TWO TRUCK LOADING POSITIONS,
SLAB BRIDGE
SET 1
FORCE LOCATION POSITION 1* POSITION 2*
BEAM I BEAM 1 BEAM 2 BEAM 3 BEAM 4
End
Mid-Span
End
Mid-Span
End
Mid-Span
Mid-Span
Mid-Span
Mid-Span
.250
.250
.025
-4.160
.016L
.001L
0
.029L
.125L
.235
.721
- .040
4.671
- .048L
- .001L
.080
- .027L
.150L
.288
- .163
.040
-4.671
- .014L
- .001L
.027
.027L
.141L
.212
.663
- .011
3.649
- .046L
- .001L
- .027
- .027L
.109L
.265
- .221
.011
-3.649
- .016L
.001L
- .080
.027L
.100L
Results in the table are
of signs, see Figure 5.
* See Figure 16.
based on wheel concentration of P = I on span L. For interpretation
NORMAL AND SHEAR
DUE TO A PAIR
TABLE 23
STRESSES ON A CROSS SECTION OF BEAM 1
OF CONCENTRATED WHEEL LOADS, SET 1
LOCATION* NORMAL STRESS SHEARING STRESS
psi psi
- 528
472
502
- 498
- 468
532
2
Negative sign indicates compressive stress.
* See Figure 19 for location of points indicated.
TABLE 24
VALUES OF TORSIONAL STIFFNESS COEFFICIENT
1.0 1.5 2.0 2.5 3.0 4.0 10.0
0.141 0.196 0.229 0.249 0.263 0.281 0.312 0.333
TABLE 25
VALUES OF ql q2 ' r 7r2 , s 1 AND s 2
FOR m=10 to m=70 IN INTERVALS OF 5
m q 2 r 1 rS2 s1 s2
-. 039336
-. 027172
-.020662
-. 016645
-. 013928
-. 011969
-. 010490
-.009334
-.008409
-. 007650
-. 007017
-. 006480
-. 006018
-.039336
-. 027172
-. 020661
-. 016645
-. 013927
-. 011967
-. 101490
-. 009337
-. 008411
-. 007650
-. 007016
-. 006479
-. 006019
.239397
.294431
.320341
.334068
.342086
.347144
.350530
.352916
.354626
.355899
.356875
.457653
.358295
.247221
.300713
.325186
.337798
.344993
.349450
.352392
.354444
.355898
.356973
.357792
.358444
.358986
-. 100806
-. 063581
-. 047853
-. 039930
-. 035431
-. 032646
-. 030808
-. 029535
-. 028616
-. 027932
-. 027409
-. 027001
-. 026679
.041695
.036360
.032328
.029925
.028455
.027507
.026867
.026418
.026089
.025841
.025651
.025503
.025387



where the (X )m play the role of the (q.)m'
(r )m, and (. )m. If we define X. as
= (/j) mTTc . mT"x (40)Xj .) sin mTc sin m (40)J L m L L
m=1
we see that the X. is analogous to qj(x),
r.(x), s.(x) defined by Equation 38 and
that (X .) corresponds to (q'j)m etc.
If it is possible to expand the coef-
ficients (A. .) and the right-hand sides
(B ) m  in powers of 1/m, for large m then
such an expansion is also possible for (f.) ,
i.e., we shall have
(A..) = a.)ij m Ij
(B ) = - b0)
mI
+ I_
m
b(1)
m
a( 2 )
+ -- + ...
2
m
b(2 )
+ + ...
m
x(1) x(2)
(fj) = x ( 0 ) + .-__ + -+J 4
Sm j m 2m
Substituting
we have
(1)
(a 0 ) +
11 m
(41a)
(41b)
(41c)
these expansions into Equation 39,
(1)
+ ... )(x ° )  + - + ... )+ ...1 m
(1)
+ (a(0) + aln + ... )(x(0)
In m n
b(1)
= b ) + l ...1 m
(1) (i)
(a(0) a21 + ... )(x(O) x21 m I m
(1)
+ (a(0) a2n .)(0)x
2n m " n
b(l)
(0) +b2 +
2 m
x(1)
+ n + ... )
m
(1) (1)
(a(0) + an_ + ... )(x(0 ) + xL +nl m 1 m
a(1) (2)
+ (a(0) + nn + ... )(x( +xn + ... )
nn m n m
(42c)b(0) + n + ...
n m
Since Equation 42 must hold for all large
m, the sum of the terms independent of m on
the left-hand side of Equations 42a, 42b, and
42 c must equal the sum of the terms on the
right which do not contain m. Similarly, the
-1
sum of the terms proportional to m on the
left must equal the sum of the terms pro-
-I
portional to m on the right, etc. Thus
we have
a(0) x(0)+ + a(o) (o)_ b(o)
11 1 In n 1
a(0) x(0)+ + (0) x(0)_= b(0)
21 1 2n n 2
a(0) (0)+ + (0) (0) b(0)
nl x1 ann n n
x(1) b(1)
n b1
m m
(0)
a(1) nIn m
x(l) b(1)
n 2
m m
(0)
(1) xn
2n m
x(l) b(1 )
n n
m m
(0)
-
a
( ) Xn
nn m
) (1)(0) x1 (0)a I + ... + al)
11 m In
(0)
a(1) x111 m
(1)
(42a) a ) xl + + (o.. )21 m a2n
+ .. .)+ ...
x(2)
+ n+
m
(0)(1) xl
21 m
(1)
(0) x + + a(0)
nl m nn
(o)
-a(1) Xl .
nl m
(43a)
(43b)
(43c)
(44a)
(44b)
1_
(42b) (44c)
There is a third set of equations in which
-3
each term is a coefficient of m in Equation
-4
42, a fourth set in which the terms go as m ,
and so on.
Equation 43 can be solved directly for
xO) , ... xn in the usual manner provided
that the matrix of coefficients
a (0)
all . a 
(0)
aln
(0) (0)
a21 . . a2n
a(0) . . . a(0)
nl nn
is non-singular. Once Equations 43a, 43b, and
43c are solved, the right sides of Equations
44a, 44b, and 44c are known and these linear
(1) (1)
equations may be solved for x( , . . .,x n
It is readily seen that Equations 44 and 43
have the same matrix of coefficients. This
will be true for all successive sets of
equations as well.
If we solve for the first three sets of
asymptotic coefficients, x( , x.( , x ,
j = 1, . . ., n, the functions X. in Equa-
tion 40 may be rewritten in the form:
x(1) (2)
X. = j(x) + x + -) sin mT sin
J J m m L L
m=l
(1l)
+ Eýj)jm - (x + m
m=l
(x2)
+ 2-) s in - sin L
m
The first three series, which appear under
the first summation sign of Equation 45, can be
summed exactly. The second summation of
Equation 45 converges at least as fast as
41/m , and may conveniently be evaluated by
computing as many of the leading terms of the
series as are required for accurate determi-
nation of the X..
J
When the method discussed above is applied
to multibeam bridges for the determination of
the joint forces, Equations 35, 36, 37 are
first rewritten so that the unknowns are
(q.)m (r.) , and (s.) . The coefficients
are then expanded in powers of 1/m. This
work is carried out in Appendix B. It can
be shown from Equations 62, 63, and 64 that
the proper forms for the asymptotic expansions
of (q.)m, (r.) , (s.) are the following:jm J jm
(1) (3)a a+
Sm m 3
m
(7.) = j(0)
j)m j
Gj.) m I
ý(2)
+ 12
m
x(2)
m-+ 2
m
(5)
m
+ + ...5
m(4)
+-+ ...
m4
(4)
+ + 4
m
(46a)
(46b)
(46c)
The quantities ), (3) , a5) in
J J J
Equation 46 will be referred to as the first,
second, and third asymptotic terms in the
expansion of (q.) . Similarly, the quanti-
(0) (2)] m (4)
ties O ', (. , j are the first, second,
and third asymptotic terms of (r.) and
(O) (2) (4 
J  m
(0 ) I ( , and X ) are the first three
asymptotic terms of (s.)m .
Two methods are available to find the
asymptotic terms. The more straightforward
method is to solve the equations obtained in
Appendix B for a suitable number of asymptotic
terms. This would involve the solutions of
sets of equations similar to Equations 43 and
44. In the present case, however, such a
procedure leads to considerable computational
difficulty since the matrix of coefficients
of the sets of linear equations which must be
solved is singular for bridge elements of
closed or solid section. An alternative to
this direct method of computation is desirable.
Such an indirect method of finding the asymp-
totic terms was used to obtain the results for
all the practical cases solved. However, for
completeness, a discussion of the direct method
and an example of its use is given in Appendix
B.
The alternative to the direct method con-
sists of approximating the asymptotic terms
by using the known forms of the quantities
(j)m' (j)m' and (sý)m for large m,
as in Equation 46.
If three asymptotic terms are to be
utilized, it is necessary to choose at least
three separate values of m, such as mi,
m2 , and m3 , and to set up equations in
order to solve for the asymptotic terms by
extrapolation as follows:
(1) (3)
(j) m - -m + i--S I m 32
1
Uý(1) (3)
(q. 2 m2  3m2  m2
(1) (Y3)(a.) m - + -
3 m3  m 3mi 3  m33
m1
(2)
Y (0) +-1-2
ml
(2)(S)m3=  j
S m3 0 2m
3 3
(5)
+_1__5
m
(5)
+__L_5
m2
+ 5
m3
(4)
+ .]_
L--
4
in1
m2+2
4
(4)
+ 1-
(47a)
(47b)
(47c)
(48a)
(48b)
(48c)
Equations similar to Equation 48 are applicable
to (7G).
The values of mi, m2 , and m3 are
selected so that the influence of further terms
in the expansions would be of little consequence.
C. USE OF ASYMPTOTIC TERMS TO OBTAIN JOINT
FORCES
The double subscripted forms q.,, rj1',
and sjl are used to designate that part of
the joint forces qj, r., and s. which is
obtained from the asymptotic terms. In a
similar manner, the symbols qj2, rj2, and
sj2 designate the part of the joint forces
which is obtained from the more rapidly con-
verging series. The following expressions may
be written for this problem similar to the
first part of Equation 45.
S (10) (3)
j 2P + I-)
m=l
mTTc mTTx
sin - cos --L L
2P= ((O)
rjl L j
m=l
(49a)
g(2) (4)
2 4
m m
mTTc . mTTx
sin m- sin nxL snL (49b)
S(2) +(4)
js L 2 (0)_n m0j - L - 2 m4
m=l m m
msTc . mITTX
sin -L sin L (49c)
The equations shown below determine the
remainder of the joint forces and are similar
to the second part of Equation 45.
(1) (3)
qj2 = -
m=l m
mrrc mTrx
sin L cos (50a)
S(2) _(4)
r 2P - (O)+ !2 +S
rj2 L m= m m m
m=1
sin c inTrx
sin --- sin --L (50b)
(2) (4)
2P m 0)+
m=1
mic . mrrx
sin -- sin --M
L L
(50c)
Let us examine s.,, term by term. The
first term is
2P Y(0) sin mc sin x , (51)
rL~ j L L ' (51)
m=l
From Equations 51 and I it can be seen that
this portion of the joint force is equivalent
to a concentrated force Y P located at)
distance c from the support.
If Equation 1 is integrated twice, we
have
W 22P o L2 . m'rc . mrrx
- - -2 sin -- sin
m=l m TT
The second term in sjl from Equation 49c is
(2)
S2 sin mc in mx (53)
m=l m
If Equation 52 is multiplied by (-- yj )
it will be identical to Equation 53. Equation
52 is the expression for the bending moment
on a simple beam loaded with a concentrated
load P at distance c from the support.
Hence, the second asymptotic term contributes
a distributed joint force which is proportional
to the moment diagram resulting from a concen-
trated load, i.e., a triangular shape.
If Equation 1 is integrated four times,
it yields an expression which is proportional
to the deflection diagram resulting from a
concentrated load on a beam. This expression is
4
2P • L4  . mnc . m7x
- l-4 sin -c sin -
m=1 m 1
The third term in sjl from Equation 49c is
(4)
2P - - sin muc s m7x
L L 4 L L
m=l m
4* (4)
If Equation 54 is multiplied by L- Yi '
it will be identical to Equation 55. There-
fore, the third asymptotic term in the ex-
pansion of sjl contributes a distributed
joint force which is proportional to the
deflection curve of a beam with a concentrated
load at distance c from the support.
Finally the contribution of sj2 may be
evaluated for a finite number of m, depend-
ing upon the rate of convergence.
Since rjl and rj2 are of the same
form as s.j and s.j2, the preceding dis-
cussion on the method of evaluating sjl and
s j2 applies to ri, and r j2
The evaluation of the r and s forces
may be summarized by considering them to be
the sum of the following four quantities:
1. A contribution from the first
asymptotic term in the form of a concentrated
joint force, which is constant and is not a
function of the longitudinal position of the
load.
2. A contribution from the second
asymptotic term in the form of a distributed
joint force which is proportional to the moment
diagram resulting from a concentrated load.
3. A contribution from the third
asymptotic term in the form of a distributed
joint force which is proportional to the
deflection curve resulting from a concentrated
load.
4. A contribution determined by summing
up a finite number of terms in the series of
Equations 50a, 50b, and 50c. The character
of the various contributions to the joint
forces is illustrated in Figure 8. The di-
rections of these forces were arbitrarily
chosen and are dependent upon the conditions
in a given problem.
The q forces are evaluated according to
a procedure which is similar to the evaluation
of the r and s forces. Let us examine
the expansion of qjl from Equation 49a, term-
by-term. The first term is
»(1)
2P -- sin mc Cos mx (56)
_L m LT o L
m=l
By integrating Equation 1, the following will
be obtained
2P L mTTc mTrx
- Lm sin L cos L (57)
m=l
Equation 57 represents the shear on a simple
beam loaded with a concentrated load at dis-
tance c from the support. Thus, the ordinates
to the shear diagram resulting from a concen-
trated load may be multiplied by (- fT I))
to determine a distributed joint force result-
ing from the effect of the first asymptotic
term.
If Equation 1 is integrated three times it
yields the following expression which is pro-
portional to the slope curve for a simply
supported beam with a concentrated load at
distance c from the origin:
32P ? L . mnc iTx
- -3 sinL cos -m (58)
m=l m
From Equation 49a the second term in the
expression for qjl is
- (3)
P- 
- sinTc cos mx (59)
m=l m
Evidently the second asymptotic term con-
tributes a distributed joint force which is
proportional to the slope curve.
Finally, there is the contribution qj2
from Equation 50a. Only the first few terms
in the series ordinarily have to be used owing
to rapid convergence.
The evaluation of the q joint forces
may now be summarized by considering them to
be the sum of the following three quantities:
1. A contribution from the first
asymptotic term in the form of a distributed
joint force which is proportional to the shear
diagram resulting from a concentrated load.
2. A contribution from the second
asymptotic term in the form of a distributed
joint force which is proportional to the slope
curve resulting from a concentrated load.
3. A contribution from qj2 obtained by
summing up a finite number of terms in the
series.
In Figure 9, these three contributions
which make up the total q forces are shown
to illustrate the general shape of each.
The following characteristics of joint
forces may be observed from Figures 8 and 9:
1. Concentrated joint forces, r and
s, at x = c result from a concentrated
wheel load at x = c. The magnitudes of these
forces are the same for all longitudinal wheel
load positions.
2. A change of slope in the curve of
distribution of r and s forces is present
at x = c, which depends only on the lateral
position of the concentrated load, not on c.
3. A discontinuity in the distribution
of q forces is present at x = c which
depends only on the lateral position of the
concentrated load.
D. CALCULATION OF JOINT FORCES
As mentioned above, the extrapolation
method of determining the asymptotic terms was
used. The higher asymptotic terms tended to
become very large for closed and solid sections.
Therefore, to avoid large errors, just one
asymptotic term was used for the q forces
and two for the r and s forces.
Since only one or two asymptotic terms
are considered, an ex'trapolation procedure
similar to that described by Equations 47 and
48 can be carried out where only two Fourier
terms, m1  and m2 , need be used. These
values of m must be sufficiently large so
that the effect of disregarding additional
terms is negligible. However, since the
equations become badly conditioned for large
m, some care was required in choosing mI
and m2 . After some numerical experimentation
mI and m2 were taken as 60 and 65, and
fifty-seven terms were computed in the more
rapidly converging series. Although the joint
force distribution curves are essentially
defined when about thirty terms are computed
in this series, it usually requires at least
fifty terms to smooth out small irregularities.
The local character of the joint forces, which
may be seen in Figure 10, is the reason such
a large number of terms was required.
All the computations to obtain the joint
forces were programmed in FORTRAN language on
a high-speed digital computer. Joint forces
were computed at one-tenth span intervals
except in the one-tenth part of the span
encompassing the concentrated load. In this
region, they were computed at one-eightieth
span intervals in order to define accurately
the joint force distribution curve which peaks
very sharply.
E. CALCULATION OF VERTICAL SHEARS AND
LONGITUDINAL MOMENTS
In computing vertical shears, Vzj., and
longitudinal moments, M y, in the individual
beam elements of the bridges considered, it is
assumed that the joint force distribution varies
linearly from one computed point to the next.
This assumption introduces a negligible error
in the results obtained for these shears and
moments.
No special techniques are involved in
computing these quantities from the joint
forces. Each beam in a bridge is considered
as a free body upon which external loads and
joint forces act. By the principles of
statics, the vertical shears and longitudinal
moments are readily obtained.
It should be pointed out that the longi-
tudinal moment M . can also be computed by
the summation of the series expressing this
quantity. It can be shown that this series
converges considerably faster than the series
for the determination of joint forces.' ')
IV. RESULTS OF ANALYSIS
A. SELECTION OF BRIDGES
In all, five multibeam bridges were se-
lected for study in this report. These bridges
are identified by set numbers in Table 1. It
can be shown that the parameters chosen for
these examples correspond to typical multibeam
bridges used in practice. " ) For any par-
ticular multibeam bridge, these parameters may
be readily calculated.
Among five bridges analyzed four are four-
element and one is an eight-element bridge.
The four-element bridges correspond to
single-lane structures. The eight-element
bridges may be either two- or three-lane
structures. Although single-lane bridges are
not common in practice, they are easier to
study since the four-element bridges have only
three joints.
B. TABULATION OF DATA
The results of analysis for the five
bridges are given in Tables 2 through 21. The
results listed in each table correspond to one
position of loading. Each of the five bridges
is analyzed for a concentrated load at mid-
span. For Set 3, the bridge is also analyzed
for a concentrated load at quarter-span. The
transverse position of the load is taken at
each transverse edge of each element.
The magnitude of each distributed joint
force is given in each table at various points
along the span. For r and s forces, the
magnitude of the concentrated force is listed
as a coefficient of P.
In the cases where the load is at a mid-
span position, the results are presented along
one-half of the beams since all the results
for the remaining half can be obtained by
symmetry.
In parts (b) and (c) of Tables 2 through
21, the quantities M . at the quarter-point
and mid-span are given; the quantities V .
at the end and quarter-point are also tabulated.
C. DISTRIBUTION OF JOINT FORCES
1. q Forces
The analysis for q forces has been
described in Chapter III where reference was
made to Figures 8 and 9. In these figures,
the shapes of the contributions from the
asymptotic terms and from the more rapidly
converging series are shown in a number of
curves. These curves are not to scale, but
they are indicative of the approximate order
of magnitude of each contribution.
As mentioned previously the discontinuity
in the q force distribution curve is constant
for any longitudinal position of the concen-
trated load. This can be seen by comparing the
discontinuities in Figures 10 and 11. The
theoretical maximum intensity of the q force
is equal to the discontinuity and occurs when
the concentrated load is an infinitesimal
distance from the support.
Only one asymptotic term is used in the
analysis for reasons described in Section A
of this chapter. A study of Figure 9 reveals
that the contribution to the joint force
determined by the first asymptotic term and
shown in Figure 9a is nearly eliminated by the
joint force distribution determined from
summing a number of terms in the more rapidly
converging series, except near the concen-
trated load position. Figures 10 and 11 show
this distribution on bridge Set 3. A study
of the tabulated data shows that the dis-
tribution shown for Set 3 is typical. For
eight-element bridges, the distribution of
q forces appears to be somewhat less localized
than for four-element bridges and the maximum
intensity is reduced. This observation is
based on studying the results for two eight-
element closed section bridges, only one of
which is included in the tabulated results.
2. r Forces
Figure 8 shows the distribution of r
joint forces as a concentrated force and a
distributed force. In this figure, the various
terms which were computed for finding r
forces are illustrated in shape and approximate
order of magnitude.
The concentrated r joint force is de-
termined from the first asymptotic term. For
a given lateral load position, the magnitude
of the concentrated r force is unchanged for
any longitudinal position of a concentrated
load on a bridge. It should be emphasized
that its location longitudinally in a joint
always occurs at the longitudinal position of
the concentrated load.
The second asymptotic term determines a
contribution to the joint force distribution
which is proportional to a moment diagram
resulting from a concentrated load. However,
this contribution is practically eliminated by
the contribution from the more rapidly con-
verging series. The net result is a concen-
trated joint force and a localized distributed
joint force in the immediate vicinity of the
concentrated load.
The distribution of r forces is shown
in Figures 12 and 13 for two positions of load
for Set 3. These patterns are typical for r
force distribution.
For two eight-element bridges studied,
the distributed r joint force was less
localized than in four-element bridges.
On the basis of data obtained, it appears
that the concentrated r force is always
opposite in sign to the distributed joint
force and very nearly equal in magnitude,
i.e. the net force across a joint is small.
3. s Forces
The s forces are determined in the same
manner as the r forces and their distributions
are similar. The typical distribution of s
forces is shown in Figures 14 and 15.
The magnitude of the concentrated s
joint forces due to a concentrated load on
the bridge never exceeds the concentrated load.
In the bridges studied, it was not larger
than .55P where P is the concentrated load.
D. ANALYSIS OF A FOUR-ELEMENT SLAB BRIDGE
In order to develop some understanding
for the order of magnitude of the joint forces
for a practical loading situation a four-element
slab bridge is analyzed for two simultaneous
concentrated loads.
The bridge chosen for study is a four-
element bridge designated as Set 1 in Table
1. The individual elements are 36 inches wide,
by 12 inches deep, by 24 feet long. The center
of the connecting joint between individual
beams is located 5 inches below the top of the
beams. Two separate lateral wheel load
positions, indicated in Figure 16, are con-
sidered. The wheels are placed at mid-span.
We shall first determine the various
forces when the wheels are in Load Position 1.
Under this loading, many of the joint forces
cancel out because of symmetry. The resultant
forces are such that all four elements are
stressed alike. The joint forces and external
load P which act on Beam 1 are indicated in
Figure 17. These joint forces were obtained
from Table 3. Other forces not tabulated in
Table 3 are calculated here at sections where
x = 0 (End), and x = (.50L -) called the
''mid-span". Definitions of the symbols are
as follows:
V = shear force along the y-axis
Y
Q = axial force acting at thex
centroid of the beam
M = bending moment about the z-axis
z
T = twisting couple about the x-axis
x
BEAM 1
V (End) = (8.370 - 8.320)/2 = .025
V (Mid-span) = -8.370/2 + .025 = - 4.160
Qx = 0 (At any point)
M (Mid-span) = -.025 (L/2) + 4.185 (.OIL)
= .029L
T (End) =-! [.0625L(1-.500) + .050x  
2 (.003472L)] 
= .016L
T (Mid-span) = .016L - 4.160 (.003472L)
= 
.001L
The same forces are calculated for the
bridge when the wheels are in Load Position 2.
This time the resultant forces are different
for each beam in the bridge. The joint forces
are obtained from Tables 2 and 4, and are
shown in Figure 18.
BEAM 1
V (End) = -(9.422 - 9.343)/2 = - .040
V (Mid-span) = 4.711 - .040 = 4.671
Qx (Mid-span) = .080
M (Mid-span) = .040 (L/2) - 4.711 (.01L)
= - .027L
T (End) = - 1/2 [(1 + .972 - .442) .0625L
x + .079(.003472L)] = - .048L
T (Mid-span) = - .048L + 4.671 (.003472L)
+ .486 (.0625L) = - .001L
BEAM 2
V (End) = (9.422 - 9.343)/2 = .040
V (Mid-span) = - 4.711 + .040 = - 4.671
Qx(Mid-span) = .107 - .080 = .027
M (Mid-span) = - .040 (L/2) + 4.711
(.01L) = .027L
T (End) = - 1/2 [(.972 + .046 - .442
x - .115) .0625L - .079 (.003472L)]
= - .014L
BEAM 3
V (End) = - (7.320 - 7.298)/2 = - .011
Y
V (Mid-span) = 3.660 - .011 = 3.649
y
Qx(Mid-span) = - (.107 - .080) = - .027
M (Mid-span) = .011 (L/2) - 3.660 (.009L)
z = - .027L
T (End) = - 1/2 [(1 + .046 + .972 - .115
- .442) .0625L + .022 (.003472L)]
= .046L
T (Mid-span) = - .046L + (.486 + .023)
x 
.0625L + 3.649 (.003472L)
= - .001L
BEAM 4
V (End) = (7.320 - 7.298)/2 = .011
V (Mid-span) = - 3.660 + .011 = - 3.649
Qx(Mid-span) = - .080
M (Mid-span) = - .011 (L/2) + 3.660 (.009L)
= 
.027L
T (End) = - 1/2 [(.972 - .442) .0625L
- .022 (.003472L)] = - .016L
T (Mid-span) = - .016L + .486 (.0625L)
x 
- 3.649 (.003472L)
= + .001L
A summary of all the forces acting on the
beams for both wheel load positions is given
in Table 22.
From Table 22, it can be seen that the
most highly stressed beam in the bridge is
Beam 1 when the wheels are in Load Position 2.
The forces which act on a cross section of
that beam where x = (.50L -) are shown in
Figure 19.
These forces are for P = 1. Assuming
a P of 10,000 pounds, normal and shear
stresses at points A, B, C, D, E, F, and 0 on
the cross section are calculated as follows:
1. Normal stresses due to axial force
Q
A
.080 x 10000 .c = 12 x 36 - 2 psi (tension)
at all points.
2. Shear stresses due to lateral and
vertical shearing forces
T = 1.5 - (At neutral axis)
max A
1.5 x .721 x 10000 i
S= 12 x 3 6  = 25 psi
V
1.5 x 4.671 x 10000
T0 D C 12 x 3 6
= 162 psi -- >
3. Shear stresses due to torsion
4. Normal stresses due to longitudinal
bending moment
Mc
y
.150 x 24 x 12 x 10000 x 6
acB=C=0F = 36 x 12 x 12
= 500 psi (Tension)
'A= D=C E = 500 psi (Compression)
5. Normal stresses due to lateral bend-
ing moment
M c
x
I
.027 x 24 x 12 x 10000 x 18
rE=CF = 36 x 36 x 36
= 30 psi (Tension)
oA=oB= 30 psi (Compression)
The stresses at individual points on the
cross section are summarized in Table 23.
max bh (3 + 1.8 )(SEE REFERENCE17)
Tmax bh2
.001 x 24 x 12 x 10000 (3 + 1.8
D 36 x 12 x 12
12
x T-) = 2 psi <--
TC = 2 psi -- >
I
V. SUMMARY AND CONCLUSIONS
A. SUMMARY
A method is presented for analyzing
multibeam bridges subjected to concentrated
wheel loads. The method is applicable to
bridges with elements of slab and box section.
A basic assumption is that the shear key which
connects individual beam elements in a bridge
acts like a hinge. This hinge is assumed to
be capable of developing longitudinal, lateral,
and vertical forces without any relative dis-
placement taking place at the joint.
From these conditions, a set of linear,
algebraic equations are developed for the
three joint forces, q, r, and s. These
equations are expressed for each term in a
Fourier series from which the corresponding
Fourier components of the three joint forces
can be obtained. Since the Fourier series for
joint forces either do not converge or con-
verge very slowly, a method is developed by
which the series can be evaluated conveniently.
The method developed consists of splitting the
Fourier series into two parts: (a) a series
of asymptotic terms which can be summed
exactly, and (b) a series which is more rapidly
converging than the original series. A direct
solution for the asymptotic terms in the type
of bridge considered here leads to difficulties
in the computations because the coefficient
matrix in each set of equations developed for
determining the asymptotic terms is singular.
It was found more convenient to solve for the
asymptotic terms indirectly by an extrapolation
procedure which is explained in the text.
The distribution of q, r, and s,
forces is presented in both tabular and graph-
ical form. The longitudinal moments at mid-
span and quarter points are given in the
tables. The shears at the ends and quarter
points are also tabulated. In order to
determine their order of magnitude, the joint
forces are calculated in a slab bridge for a
standard highway truck loading. The shear and
normal stresses are determined for a number of
points on a cross section of one element.
B. CONCLUSIONS
Distributed joint forces occur over a
localized region in each joint corresponding
to the longitudinal position of the concen-
trated wheel load. In the case of the longi-
tudinal joint forces only, a discontinuity
occurs in the distributed forces at the longi-
tudinal position in the joints corresponding
to the longitudinal position of the concen-
trated load. Concentrated lateral and vertical
joint forces are developed along the joint
during the passage of concentrated wheel loads
over the bridge. The concentrated lateral
force is nearly equal in magnitude and opposite
in sign to the distributed lateral force in
the joint.
From the typical multibeam bridges ana-
lyzed one may conclude that joints are subjected
to high concentrated forces. These results,
however, are based upon concentrated loads.
The actual loads on the bridge are distributed
over the contact area of a tire and are not
concentrated. In addition some lateral pre-
stress is usually present.
The problem of the adequacy of the usual
shear key (see Figure 7) to resist the joint
forces is not an easy one to resolve. Cor-
rectness of the theory and adequacy of the
shear key should be the subject of additional
experimental research.
VI. APPENDICES
A. DETERMINING TORSIONAL RIGIDITY FACTOR
The following expressions can be used for
determination of the torsional rigidity factor
J. These are based on the membrane analogy
for elastic torsion and involve some approxi-
mations of small order.
For slab sections shown in Figure 7 the
following may be written:
Solid: J = k bh3  (60)
Hollow: J = klbh 3 - d4
where
d = diameter of hole
k1 = St. Venant's torsional coefficient
b >h
The factor k1 varies with the ratio of
width to depth of the section b/h. Its
values (4) are given in TABLE 24.
For box sections such as shown in Figure
7 we have
2t t2 b
2 h2 (1-tl/b)2 (1-t2 /h)
2
bt1 + ht2 - (t + t)
z/b ~ ~+ + 2z/b r~ i]
mnTTk -1 + j+1 m mnk m
where b
h
tl
t2
= width of section
= depth of section
= thickness of vertical walls
= thickness of horizontal walls
B. DETERMINING ASYMPTOTIC TERMS DIRECTLY
1. Introduction
In Chapter III, Section B, the asymptotic
method for determining joint forces is devel-
oped. To use this method, it is necessary to
obtain the asymptotic terms. Results presented
in this bulletin are based on the use of these
asymptotic terms which were determined by an
extrapolation procedure. An alternate method
by which the asymptotic terms may be determined
directly is presented here.
Dividing both sides of each of Equations
35, 36, and 37 by 2P/L(sin m- c ) and taking
(p) /(2P/L sin M1 ) = (p) m we have
m L m
Sz/b p ~ ]
2 -j-l J
2 - - + . + ]m
m2 rkB jj+ljm 2 LJJ + ej+m
i 
+ ~ 
2 
-z/b 
~ 
j 2- +  ;7 - 2+ . +-4]2mnk 1 j+b) m 2 n 2 kB ( bj1 ) j+ 1 m
+ s / - s~~ = - B p. ~' e* - p;~ j+]
a b- j+1 m b ]+ . 2+ +
+ 2 2
2mTkB - 1
2z/b ~
m2 TT2 0
The joint force components
and (s)m may be expanded in a
+ z/b jl + j+m
J+1 m m22kB P-1 J+1m
z/b ~
mn 2 2 .0 j+ 1m
series of terms
as indicated by Equation 45. In this case,
there is no need to expand the coefficients of
these joint force components. Substitutions of
Equation 45 for (q)m', r)m' and (s)m
in Equations 62, 63, and 64 result in the
following:
(1) (3) (1) (3) (1) (3)z/b - l + .. i ++... + 2z/b...
TTk 2 4 2 4 + +ak + 2 4 Im m m m m m
)(2) (2) (0) (2)
z/b (0) iii ... +(0) i+ + I Y + iI ...LJ- 1  m2  j+1 m2 T 2k 0 m2  m4
(0) (2) (2) .(2)+^±i+ i + - Y • + * o) + + .**2  4 4 j-1 +2  j +  2 J
mk m m m m
1 1  + 1  [~ ~-
r• 'k
TT L-A2 2 Lp 'j ' j+1 'j+1J
m1
(3)
+ + ...
4
m
(1)
2
m
(3) 2 (2)
Lmi - .+ m +
m 
m
(2)
S20) - 2- -J  2m
•(2)
.... + 5(0) + ijj+1 2m
(0)
+ . +]+ i__ _
0 k m
(2)
+ - +- ..
4
m
(2)
] 2 j-1 +I + '" PO) m
2 4
m m
+ + (K)2~ [a b
(0)
2
m
S2z/b
2k
m
(3)
+ -4 +
m
(2) (0)
- L ... z/b i Ym
m
4  2 kL 2
(0) (2)
I + ... z/b
m m r
2 kP
If we equate the sum of terms which are
constant on the left side of these equations
(0)
2r2k m
(2)
4
m
[-2
(0)
2
m
(2)
m
(2)
4
m
p1+1]
m
to the sum of terms which are constant on the
right, we have the following set of equations:
/b F,(0) 0)(on 0 [o) + Y(O) j 2 j ++ ej+112 L'i-l -j+lj 4 Lj-l Yj+ 1j - 2 Lni1 = 2 L jj Cj+1 iJ (68a)
B )2(00) - 2( 0 )+ .0) + z/b -(o) - )- (68b)
(1)
m
2(0)
2
m
29(2)
4
m
(0)
2
m
t(2)
+ i+l +4
m
(2)
( +0) mL2
"j+1 m2
m
l(1)
m
(3)
4
m
k a )+TTk  (b
J ] - o ^b eL j +1-i
- +[ (1 ) + - ) [ 1 + a ] + b( )1
+ 2 [ 0)j-- SjO)] + z/b (0) - Y+(0)
22 j-1 j+l 2k Yj-1 j+1_J
2
z/b F (0) z-b
,
2 k--- r ,2 k]-- [ j- j+1O J- P2k
It will be noted that it was necessary,
in order to obtain constant terms, to multiply
2
Equation 67 by m . This is not necessary in
Equations 65 and 66.
The set of 3N equations (Equations 68 a,
68b, and 6 8 c) decouples into a set of 2N
equations in the ý's and y's and another
set of N equations which involve c's, y's,
and als.
The matrix of coefficients for Equations
6 8
a, 68b, and 6 8 c is singular. However, on
physical grounds the asymptotic expansion
should exist. Therefore, the right side of
the equations should disappear when we carry
out the same linear combinations that make the
left side disappear. In other words, the rank
of the augmented matrix is equal to the rank
of the coefficient matrix. This is the con-
dition for the existence of an infinite number
of solutions when the matrix of coefficients
of a nonhomogeneous set of linear equations
is singular.
It should be recalled that the coefficient
matrix is the same for all asymptotic approxi-
mations, and further, that the first asymptotic
terms occur in the right side of the equations
for all later asymptotic terms. It follows
that if the later asymptotic approximations
are to exist, just enough additional conditions
will be imposed on the lower asymptotic terms
to guarantee unique answers. The details of
the computations may be followed readily in
the specific example given below.
2. Direct Solution for the First Asymptotic
Terms In a Three-Element Bridge
Consider a three-element bridge with
parameter combinations corresponding to those
of Set 2 in Table 1. As discussed earlier,
the longitudinal position of the concentrated
load P on a bridge does not enter into the
computations for asymptotic terms. The bridge
is shown in Figure 20.
The 3N equations given by Equations 6 8a,
68b, and 68 c yield the set of six simultaneous
equations(given in Equation 69) for the three-
element bridge. The first four (Equations
69a through 69d) are shown separated from the
last two (Equations 69e and 69f).
(68c)
+ I tD2 2 ] 2 l 1 ( 0 ) - 2 (]
b) • •°] + 0 -) [ '1(0)] -
-2I(°)0] -0 22(0)]  + 0] +
2 (0)]
2 [2( 0)
= e2 1
2= 
-= - 1- e
0 = 0
[L (+ 2 1)][,.] 2 2
)
- (0) 2z/b (0) + 7/b (0) z= _b
2n2k k TT2 kL T n kB
2- L a -' 22 + •21 
)
+ i (0)] + [(0)] 2z/ [(0)] 0
2 kB 0 1 kB t k 0
As indicated earlier, it may be noted
that the e's do not appear in Equations 69a
through 69d. The determinant of the coefficient
matrix for this set of equations can be shown
to be zero. In order to obtain a solution in
the general case, it is necessary to find a
set of multipliers for the equations such that
the sum of all the equations is zero.
•(o)
0
z
2z
b
(0)
2
- -
0
-2
2B zb
For this three-element bridge, we take
the decoupled Equations 69a through 69d and
divide Equations 6 9c and 69d by z/b. The
only independent set of multipliers which will
reduce the sum of the equations to zero is
(-2, +2, -1, -1) applied to the first four
equations in that order. This fact is veri-
fied in Equations 70a through 70d.
(0)
Y1
- §
2
0
2
(0)
2
0=0
(70a)
(70b)
(70c)
(70d)
0 + 0 + 0 + 0=0
(69a)
(69b)
(69c)
(69d)
(69e)
(69f)
This set may be solved for three of the
unknowns in terms of the other unknown. If we
choose () as the other unknown and solve
Equations 70a, 70b, and 70c simultaneously,
the following results are obtained:
g(0) (0)
2 1
(0) 68 (0)
'1 1000 1
(0) + 68 (0)
Y2 1000 1
Now, if Equations 6 9e and 69f are solved
(1) (1)
simultaneously for il and , where
the other unknowns are all expressed in terms
(0)of t( , we obtain the following results:
1) = - 1.06872380 + 1.78499515 (O)q
(1) 2(0)2l) = .22430999 - 1.78499515 (O
The value of () is determined from
the set of equations for the second asymptotic
terms. The equations for the second asymptotic
terms are obtained by extracting from Equations
65 and 66 those terms which are proportional
-2
to m . This process results in Equations
71a and 71b.
These two equations can be written at
each of the two joints in the three-element
bridge, resulting in four equations. If we
divide the last two of these equations by z/b
and multiply the equations by -2, +2, -1 and
-1, respectively, we obtain the set represented
by Equations 72a through 72d.
/b r 2) _ (2)7  _ [r (2) + (2)] _ [ 2)2 j +lJ- L'-1 + j +iJ- 4 Jj1 
z/b (1) + (1)] 2z/b ([,1)] 1 [_(O) + (0)
nTTk LIj-1 j+l nk ]J 2k j-1 Yj+l
+ 2 - 0)+2
rrkB rrkB
?(z/b)2 2) -
i 1) -
2n1k Ij-1
2 (2) + (2)] (z/b) [ (2) _ (2)]
j j+l 2 2 j-i - Yj+lj
j+1 TT2 kB N-1 ] j+1 (71b)
(2)
2 k L02j kk LTr k1
72 OI2 120 1 TT2k
(71a)
(2)
0
(2)
2
- b-•
(2)
1Yl
z2iz/b (F0)
2 k B
+ 0 + 0 + 0 =0
We see that the coefficient matrix for
this second set of asymptotic terms is exactly
the same as the coefficient matrix for the
first set of asymptotic terms in Equation 70.
Since the sum of the terms on the left
side of these equations is zero, the sum of
terms on the right hand side must also equal
zero. This is the condition from which we
obtain a solution for the first asymptotic
terms since all of the first asymptotic terms
have been previously expressed in terms of the
one unknown, (0). By summing the terms on
the right hand side of these equations and
equating them to zero we obtain (O)" = .36221,
from which
(O) = (0) = .362212 1
Yo) = - = - .024631 1000 *
(o) 68 (0)
- 1000 1 = . 2463
(I)= - 1.06872380 + 1.78499515 I(0)1 1
= - .42218
0(1)= .22430999 - 1.78499515 (0)= -.42224
The procedure illustrated for determining
the first asymptotic terms may be repeated to
obtain the second asymptotic terms, etc.
In order to provide a comparison of the
above results with those of the extrapolation
procedure, some results for the three-element
bridge which were obtained from the computer
are presented here. Part of the information
provided is not pertinent to the comparison
but may be of interest in showing the variation
of q, r, and s for several Fourier terms.
Values of q
,
, q2', r,, r2 s I , and 2
for Fourier terms in intervals of 5 from
m = 10 to m = 70 are shown in Table 25.
For the sections analyzed in this report,
extrapolations for the asymptotic terms were
2•• z
2••
(72b)
- p +2 ./b[ (l)] - 4 b [,(l)]
- Y([0) + 4 [y (0)
T k n17 k J
iz/b (1) + i z/b (0)
2 2rrk L2 J 22 k J
2iz/b (0)
0 iz/b l)+ iz/b )
217k -1 17 kO
(72d)
I 0
(72c)
-
performed in a manner similar to that indicated
by Equations 47 and 48 but only two Fourier
terms were considered. These were taken as
m = 60 and 65. If we extrapolate from the
values listed above for m = 60 and 65, the
following results are obtained for the first
asymptotic terms.
(0) = .36213
0 ) 
= .36220
(0) = -.02465Y1
(0) = .02465Y2 
0(1) = 0(1)= - .422021 2
The comparison is excellent, indicating
that the extrapolation procedure is adequate
for computational purposes. It can be seen why
it was expedient to resort to an extrapolation
procedure for computation of the asymptotic
terms, especially for the type of sections
considered. The determination of the linear
combinations which exist among the rows of the
coefficient matrix is awkward for large mat-
rices. This computation of the null vectors
of the transpose of the coefficient matrix is
an essential part of the "exact" asymptotic
method for closed or solid sections.
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